Based on the integer-order memristive system that can generate two-scroll, three-scroll, and four-scroll chaotic attractors, in this paper, we found other phenomena that two kinds of three-scroll chaotic attractors coexist in this system with di erent initial conditions. Furthermore, we proposed a coexisting fractional-order system based on the three-scroll chaotic attractors system, in which the three-scroll or four-scroll chaotic attractors emerged with di erent fractional-orders . Meanwhile, with fractionalorder = 0.965 and di erent initial conditions, coexistence of two kinds of three-scroll and four-scroll chaotic attractors is found simultaneously. Finally, we discussed controlling chaos for the fractional-order memristive chaotic system.
Introduction
Due to the typical characteristics of high irregularity, unpredictability, and complexity of chaotic systems, chaotic systems and its applications have been attracted more and more attentions in the last few decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , e.g., information processing [11] , secure communication [12, 13] , image encryption [14, 15] , machine learning [16] , and so on. Memristor-the missing circuit element-has been discovered by Leon Chua in 1971 [17] , and it has been successfully realized in 2008 [18] . Recently, some mathematical models of memristor-based systems were proposed. For example, Muthuswamy and Chua reported a memristor-based chaotic system with single-scroll attractor [19] , Bao et al. presented a memristor-based chaotic system with double-scroll attractor [20] , Teng et al. reported a memristor-based chaotic system with double-scroll and four-scroll attractors [21] , Zhou and Ke gave a memristive-based chaotic system with twoscroll to four-scroll attractors [1] , Sun et al. suggested a memristor-based chaotic system with in nite chaotic attractors [22] , and so on.
Chaotic attractors have also been reported in many fractional-order nonlinear systems, e.g., the fractional-order Lorenz chaotic system [23] , the fractional-order Chen chaotic system [24] , the fractional-order Lu chaotic system [24] , the fractional-order brushless DC motor chaotic system [25] , the fractional-order micro-electro-mechanical chaotic system [26] , the fractional order coronary artery chaotic system [27] , etc. On the other hand, some memristor-based fractional-order chaotic systems have been proposed. For example, a fractional-order memristor-based simplest chaotic circuit with double-scroll and four-scroll attractors using fourth-degree polynomial [21] was reported by Teng et al. and a fractional-order memristor-based chaotic system with single-scroll attractor and a stable equilibrium point [28] was reported by Prakash et al., and a fractional-order memristor-based chaotic system with coexisting attractors [1] was reported by Zhou and Ke. Moreover, some fractional-order chaotic systems have been implemented by electronic circuit, e.g., a fractional-order Lorenz hyperchaotic system has been implemented by DSP [29] , a 4-D nonequilibrium fractional-order chaotic system has been implemented by EWB [30] , and the fractional-order chaotic systems with two equilibriums and no equilibrium have been realized by FPGA [31] .
On the other hand, due to the important application of stability and control of chaotic systems in engineering science [9, 10, [24] [25] [26] [32] [33] [34] , the stability and control of chaotic systems have attracted more and more attention in recent years. Many control schemes have been suggested, e.g., linear and nonlinear feedback, scalar and vector controller, single-state variable, and multiple-state variables. However, control cost and control e ectiveness must be considered in practice. erefore, in the process of stability control of chaotic system, single-state variable or scalar controller should be the rst choice.
Based on the integer-order memristor-based chaotic system [1] reported by Zhou and Ke, in this paper, we nd some new results in the integer-order memristor-based chaotic system [1] , i.e., two kinds of three-scroll chaotic attractor coexist with di erent initial conditions. Furthermore, its fractional-order version is proposed. We nd that not only three-scroll chaotic attractors but also four-scroll chaotic attractors are emerged in its fractional-order version. Meanwhile, two kinds of three-scroll and four-scroll chaotic attractors coexist with di erent initial conditions for fractional order = 0.965. To the best of our knowledge, our results have rarely been reported before. Finally, in order to stabilize the fractionalorder version memristive chaotic system via a single-state variable, a control strategy is suggested.
is article is structure as follows: we describe the integer-order memristor-based chaotic system [1] and nd some new results in Section 2. In Section 3, based on the integerorder memristor-based chaotic system [1] , its fractional-order version is suggested and the four-scroll chaotic attractors are found, and coexisting two kinds of three-scroll and four-scroll chaotic attractors for di erent initial conditions are found. e Section 4 presents a control strategy via single-state variable. In Section 5, the conclusion is given.
Two Kinds of Three-Scroll Chaotic Attractors Coexist in an Integer-Order Memristive System
Recently, an integer-order memristive system reported by Zhou and Ke [1] is as follows:
Remark 1. ere is only one equilibrium point in (1) , i.e., 1 , 2 , 3 = (0, 0, 0), and the equilibrium point is unstable. More details are in reference [1] .
Zhou and Ke [1] reported that there are two-scroll to fourscroll chaotic attractors in this system (1) with di erent . For
example [1] , the two-scroll chaotic attractor is emerged for = 4, the four-scroll chaotic attractor is emerged for = 1.4, the three-scroll chaotic attractors are emerged for = 1.734, and another type of three-scroll chaotic attractor is emerged for = 1.8.
In this paper, the integer-order memristive system is further studied. By numerical calculations, we nd that two kinds of three-scroll chaotic attractors coexist in this system (1) for = 1.8 with di erent initial conditions, which has not been reported by Zhou and Ke [1] . Some results are as follows. Let = 1.8 and initial conditions be (2, 1, 1) and (−2, −1, −1), respectively, two kinds of three-scroll chaotic attractors coexist as shown in Figure 1 (a). Let = 1.8 and initial conditions be (0.2, 0.1, 0.1) and (−0.2, −0.1, −0.1), respectively, two kinds of three-scroll chaotic attractors also coexist as shown in Figure 1 
A er a great deal of numerical calculations, we nd that there are the same chaotic attractors (blue line) with initial conditions (2, ±1, ±1) and (0.2, ±0.1, ±0.1), and the same chaotic attractors (red line) with initial conditions (−2, ±1, ±1) and (−0.2, ±0.1, ±0.1). It must be pointed out that only the chaotic attractors described by blue line are reported in Ref.
[1] with = 1.8. In this paper, new chaotic attractors (red line) are found and two kinds of three-scroll chaotic attractors coexist in system (1) with = 1.8.
Two Kinds of Three-Scroll and Four-Scroll Chaotic Attractors Coexist in Fractional-Order Memristive Chaotic System
Based on memristive chaotic system mentioned above with = 1.8, a fractional-order memristive system is constructed, and coexistence of two kinds of three-scroll and four-scroll chaotic attractors is found. e fractional-order memristive system is described as
(2)
., Now, based on the Adams-Bashforth-Moulton algorithm [1] for fractional-order system, let be the total time of numerical calculation, be the iterative times, the step length be = / and = ( = 0, 1, 2 . . . , ). So, the fractionalorder memristive system (2) is discretized as follows:
(3) and
In order to study the dynamical behaviors of system (2), we calculate the maximum Lyapunov exponents (Maximum LE) of system (2) rstly. e Maximum LE with respect to fractional-order is displayed in Figure 2 .
In Figure 2 , the positive Maximum LE indicates that there are chaotic attractors in fractional-order memristive system (2) . Now, some results are as follows: (2) with Q = 0.98. Let = 0.98, we can obtain that the Maximum LE is 0.2501. It indicates that the fractional-order memristive system (2) has a chaotic attractor. Let initial conditions be (2, 1, 1), it is obtained that four-scroll chaotic attractor emerges in system (2) as shown in Figure 3 .
Four-Scroll Chaotic Attractor Emerges in System
We note that there are only three-scroll chaotic attractors in integer-order memristive system (1) . However, the fourscroll chaotic attractors are generated in its fractional-order (4)
e approximation error is as follows:
where 1 (0), 2 (0), 3 (0) are the initial conditions for fractional-order system (2).
, +1 = +1 − − ( + 1) , = 0,
Complexity 4 attractors in system (2) for = 0.965 with initial conditions (±0.2, ±0.1, ±0.1), i.e., there is no four-scroll chaotic attractor in system (2) with these initial conditions. e coexisting two kinds of three-scroll chaotic attractors are shown in Figure 5 .
In summary, two kinds of three-scroll chaotic attractors emerge in the integer-order memristive system (1) for = 1.8.
e fractional-order memristive system (2), however, can generate four-scroll chaotic attractors for = 0.98. Moreover, coexisting two kinds of three-scroll and four-scroll chaotic attractors are found in fractional-order memristive system (2) for = 0.965. It indicates that the fractional-order memristive system (2) has richer and more complex chaotic attractors than the integer-order memristive system (1).
Control of the Fractional-Order Memristive Chaotic System (2) via a Single State Variable
Firstly, in order to control the fractional-order memristive chaotic system (2), the following lemma for the fractional-order nonlinear system is given. Consider the following fractional-order nonlinear system (8), where 0 < ≤ 1, = 1 , 2 , . . . , is the real state vector, ∈ × is a constant real matrix, and ( ) denote the linear and nonlinear parts in nonlinear system (8) .
Lemma 3 (More details are in [35] ). Given the fractionalorder nonlinear system (8) , if the following conditions are held, where ( )( = 1, 2, . . . , ) are the eigenvalues of matrix , and ‖ ‖ is the 2 -norm of matrix , then, system (8) is said to be asymptotically stable.
Secondly, in order to stable the fractional-order memristive chaotic system (2) via single-state variable, the following controlled fractional-order memristive system (9) is considered.
version system. By numerical calculation, we nd that there are same chaotic attractors (as shown in Figure 3 ) with initial conditions (±2, ±1, ±1) or (±0.2, ±0.1, ±0.1). (2) with q = 0.965. Let = 0.965, we can obtain that the maximum LE is 0.2781. It indicates that the fractional-order memristive system (2) has a chaotic attractor. By numerical calculation, we nd that a three-scroll chaotic attractor emerges with initial conditions (2, 1, 1) , another type of three-scroll chaotic attractor emerges with initial conditions (−2, −1, −1), and a four-scroll chaotic attractor emerges with initial conditions (2, −1, −1). erefore, two kinds of three-scroll chaotic attractors coexist with fourscroll chaotic attractor in fractional-order memristive chaotic system (2), as shown in Figure 4 .
Two Kinds of ree-Scroll, and Four-Scroll Chaotic Attractors Coexist in System
Please note that only two kinds of three-scroll chaotic attractors coexist in the integer-order memristive system (1), while two kinds of three-scroll chaotic attractors coexist with four-scroll chaotic attractor in the fractional-order memristive system (2). Remark 2. By numerical calculation, we nd that there are only coexisting two kinds of three-scroll chaotic to the lemma, the controlled fractional-order memristive system (9) is asymptotically stable. is result indicates that the fractional-order memristive chaotic system (2) can be stability controlled via the single-state variable 2 . In addition, some numerical simulations are given to verify the validity of the control strategy.
For example, choosing = 0.98, and = −7/3, thus, the eigenvalues of matrix ( ) are −0.5 + 11 /6, −0.5 − 11 /6, −3/4, and ‖ ( )‖ = 1.7824, respectively. According to the lemma, the controlled fractional-order memristive system (9) is asymptotically stable. e results of state variables vary with time as shown in Figure 6(a) . Here, the initial conditions are 10 = 2, 20 = 1, and 30 = 1, respectively. For example, choosing = 0.965 and = −2, the eigenvalues of matrix ( ) are thus −1 + 2 /3, −1 − 2 /3, and −3/4, respectively, as well as ‖ ( )‖ = 1.6023. According to the lemma, the controlled fractional-order memristive system (9) is still asymptotically stable. e results of state variables vary with time as shown in Figures 6(b) and 6(c). In Figure 6(b) , the black curve corresponds to the initial conditions 10 , 20 , 30 = (2, −1, −1), and the blue curve corresponds to the initial conditions 10 , 20 , 30 = (2, 1, 1). It should be mentioned that there are four-scroll chaotic attractors (the black curve in Figure 4 ) in fractional-order memristive system (2) with initial conditions 10 , 20 , 30 = (2, −1, −1), while there are three-scroll chaotic attractors (the blue curve in Figure 4 ) in fractional-order memristive system (2) with initial conditions 10 , 20 , 30 = (2, 1, 1) .
where is a real number. According to system (8) , we can write out, Now, one can obtain ( ) ᐈ ᐈ ᐈ ᐈ =0 = 0 and Meanwhile, it is obvious that there will be some real number C, which can meet the needs of both x 1
x 2 Complexity 6 order memristive system (1) . It indicates that the fractionalorder memristive system (2) generates four-scroll chaotic attractors while the integer-order memristive system (1) generates three-scroll chaotic attractors. To the best of our knowledge, this result is rarely reported. Moreover, let fractional-order = 0.965, it is obtained that the coexisting two kinds of threescroll and four-scroll chaotic attractors emerge for di erent initial conditions. erefore, not only three-scroll chaotic attractors but also four-scroll chaotic attractors are found in fractional-order memristive system (2) .
Finally, a control strategy for the fractional-order memristive chaotic system (2) is proposed via single-state variable, and numerical simulations are employed to verify the validity of the proposed control strategy.
Data Availability e data used in our manuscript is obtained by MATLAB program. e data used to support the nding of this study are available from the corresponding author upon request. e results in Figure 6 (c) indicate that the state variables vary with time for initial conditions (2, −1, −1) and (−2, −1, −1). e black curve corresponds to the initial conditions 10 , 20 , 30 = (2, −1, −1), and the red curve corresponds to the initial conditions 10 , 20 , 30 = (−2, −1, −1), respectively. It should be mentioned again that there are four-scroll chaotic attractors (the black curve in Figure 4 ) in fractional-order memristive system (2) with initial conditions 10 , 20 , 30 = (2, −1, −1), while there are three-scroll chaotic attractors (the red curve in Figure 4 ) in fractionalorder memristive system (2) with initial conditions 10 , 20 , 30 = (−2, −1, −1). where and then, system is said to be asymptotically stable.
Proof. By the above Lemma, this Proposition is easy to prove.
As mentioned above, the fractional-order memristive chaotic system (2) can be stability controlled via the single-state variable 2 .
Conclusions
In this paper, some new results for the integer-order memristive system [1] are found. e coexistence of two kinds of three-scroll chaotic tractors emerges in the integer-order memristive system (1) with di erent initial conditions, which Zhou and Ke have not reported in reference [1] . Furthermore, based on chaotic system (1), a fractional-order memristive system (2) is suggested. e largest Lyapunov exponents are obtained by numerical algorithm, which indicates that there are chaotic attractors in the fractional-order memristive system (2) .
By numerical calculation, we nd that the four-scroll chaotic attractors emerge in the fractional-order memristive system (2) for = 0.98, which is di erent from the integer- 
